Abstract Let D ⋐ C n be a domain with smooth boundary, of finite 1-type at a point p ∈ bD and such that D has a basis of Stein Runge neighborhoods. Assume that there exists an analytic disc which intersects D exactly at p. We construct proper holomorphic maps from any open Riemann surface S to C n which are attached to D exactly at p.
Introduction
We study sufficient conditions for the existence of a proper holomorphic curve attached to the boundary of a domain, which is parametrized by an open Riemann surface or by a finite bordered Riemann surface, i.e., a one dimensional complex manifold with compact closureS = S ∪ bS whose boundary bS consists of finitely many closed Jordan curves.
We will denote by D the open unit disc in C. Let D ⊂ C n be a bounded domain with smooth boundary, let p ∈ bD and let ρ be a smooth defining function for bD near p. Assume that f : D → C n is a holomorphic map such that f (0) = p. If ρ • f has a zero of finite order at 0 and f (rD \ {0}) ∩ D = ∅ for some r > 0 then we say that f has a finite order of contact with D at p. The definition does not depend on the choice of the defining function. It is local and it extends to holomorphic maps from Riemann surfaces. It follows by Remmert's proper mapping theorem that the image g(S) is an analytic subvariety of C n , in particular, if n = 2, it is a global support hypersurface for D at p: We call an analytic hypersurface M a local support hypersurface for
The domain D is called totally pseudoconvex at p ∈ bD if there is a local support hypersurface for D at p [4, 19] . Let ρ be a smooth defining function for bD, and let p ∈ bD. If the maximum order of vanishing of ρ•f for all one dimensional complex curves f : D → C n , with f (0) = p is finite, then we say that bD is of finite 1-type at p [6] . Denote by O(X) the algebra of all holomorphic functions on the complex manifold X, endowed with the compact-open topology. A compact set K in X is said to be O(X)-convex if for every point x ∈ X \ K there exists F ∈ O(X) with |F (x)| > sup K |F |.
We shall actually prove part (1) in Theorem 1.1 for domains D in (n − 1) convex complex manifolds X, see Theorem 3.1, and part (2) in Theorem 1.1 for domains D in Stein manifolds X with the density property, see Theorem 4.1. Furthermore, the map g can be chosen an immersion, and if dim X ≥ 3 then g can be chosen an embedding. Moreover, we are able to attach proper holomorphic curves to more general compact sets than smoothly bounded domains D; here we assume that the domain D has C ∞ smooth boundary.
We call the image of a proper holomorphic map from an open Riemann surface a proper holomorphic curve. Proper holomorphic discs in pseudoconvex domains through any given point were constructed in [11] by Forstnerič and Globevnik. The results evolved in various directions, for a thorough survey of recent results we refer to [8] .
We say that a domain D ⊂ C n is locally convexifiable at a point p ∈ bD if there exists a biholomorphic change of coordinates near p such that in the new coordinates near p the boundary bD is geometrically strictly convex with respect to the side on which D lies. In this case, there exists a local support hypersurface to bD at p, in particular, D is totally pseudoconvex at p. If D ⊂ C n is a smoothly bounded strictly pseudoconvex domain then it is locally convexifiable at any boundary point by Narasimhan's lemma.
Kohn-Nirenberg example [16] shows that local support hypersurfaces do not exist in general at weakly pseudoconvex points of pseudoconvex domains. Recently, Diederich, Fornaess and Wold [7] proved that for any bounded domain D ⊂ C n which is locally convexifiable and of finite 1-type near p ∈ bD, and such that D has a basis of Stein Runge neighborhoods, there exists an automorphism Ψ of C n such that Ψ(p) is a global extreme point, i.e., Ψ(D) ∩ bB n = Ψ(p), where B n denotes the open unit ball in C n . In particular, there exists a smooth support hypersurface for D at p. Kolář [17, 18] constructed examples of smoothly bounded nonconvexifiable pseudoconvex domains with convex models, in particular, with local support hypersurfaces. We provide an example of a bounded pseudoconvex domain D ⊂ C weakly pseudoconvex point p ∈ bD of finite 1-type such that the domain D is not locally convexifiable at p and that D has a global support hypersurface at p, see Section 5.
Control of the placement of the curve near a given point
We will consider holomorphic curves attached to more general compact sets than closures of smoothly bounded domains:
Since the definition of a finite order of contact is local it extends to maps from Riemann surfaces to complex manifolds equipped with a Riemannian metric.
For a smoothly bounded domain D, p ∈ bD and f : D → C n a holomorphic map such that f (0) = p the definition of a finite order of contact of f withD at p coincides with the definition at the beginning of this note: Since the signed distance ρ is a defining function for bD, the estimate in Definition 2.1 implies that ρ • f has a zero of finite order at 0. Conversely, choose a defining function ρ of bD near
n is a holomorphic map with f (0) = p having a finite order of contact with D according to the definition in the Introduction, then ρ • f has a zero of finite order at 0 and f (rD \ {0}) ∩ D = ∅ for some r > 0. Therefore, it holds that
, where P k is a real homogeneous polynomial of degree k, and P k (z,z) > 0 for z = 0. This implies that there are C > 0 and r
Thus f has a finite order of contact with D at p according to Definition 2.1.
If the map f has a finite order of contact with compact set L at p, then the curve that intersects L only in p allows small perturbations, which, in a neighborhood of p, intersect L only in p. The following lemma provides appropriate small perturbations of a holomorphic disc in a neighborhood of p.
n be a compact subset, p ∈ L, and f : D → C n a holomorphic map with f (0) = p and having a finite order of contact with L at p. Then there exist r, 0 < r < 1, and an integer k ≥ 0 such that for any r ′ ∈ (r, 1) there exist ǫ > 0 such that for any holomorphic map g :
Proof. There are C ∈ R, r > 0 and
Choose any r ′ ∈ (r, 1).
By the Taylor expansion of f − g 3 around 0 with the estimate of the remainder and by Cauchy formula we get
where the constant C 1 > 0 depends only on r and r ′ . We let ǫ =
. This proves the lemma.
Proper holomorphic curves in (n − 1)-convex complex manifolds
Part (1) in Theorem 1.1 follows from the following theorem: 
Recall that a smooth function ρ : X → R on a complex manifold of dim X = n > 1 is said to be q-convex on an open subset U ⊂ X (in the sense of AndreottiGrauert [1] , [14, def. 1.4, p. 263]) if its Levi form i∂∂ρ has at most q − 1 negative or zero eigenvalues at each point of U. Note that 1-convex functions are exactly strongly plurisubharmonic functions. The manifold X is q-complete, resp. qconvex, if it admits a smooth exhaustion function ρ : X → R which is q-convex on X, resp. on {x ∈ X : ρ(x) > c} for some c ∈ R. A 1-complete complex manifold is just a Stein manifold. If X is a (n − 1)-complete complex manifold with (n − 1)-convex exhaustion function ρ, then we can take a sublevel set of ρ for L in the theorem.
The construction of the proper holomorphic map in Theorem 3.1 is inductive. The main addition to the previous constructions of proper holomorphic maps in [11, 13, 8] is the control of the placement of the disc near the point p provided by Lemma 2.2. Outside this neighborhood we control the placement of the curve in such a way that no intersection with L occur.
The following lemma will provide the main step in the inductive construction of a proper holomorphic map. It is a consequence of [9, Lemma 4.2] that assures that any map f bellow is a core map of a spray of maps and [8, Lemma 6.3] that gives the new map g. Main methods in the proof are the solution to a certain Riemann-Hilbert problem which gives appropriate local corrections and the gluing of holomorphic sprays. 4
Lemma 3.2. Let X be a complex manifold of dimension n > 1 equipped with a Riemannian metric d and let ρ : X → R be a smooth exhaustion function which is (n − 1)-convex on {x ∈ X : ρ(x) > M 1 } for some M 1 ∈ R. Let S be a bordered Riemann surface, s ∈ S, let U ⋐ S be an open subset, let f : S → X be a continuous map, holomorphic on S, and
and an integer k ≥ 1, there exists a continuous map g : S → X, holomorphic on S, satisfying the following properties:
iv) the k − 1 jets of f and g at s are equal.
Proof of Theorem 3.1. We choose local coordinates in a neighborhood V of p and an open neighborhood U of s in S such that U is biholomorphic to D and f (U) ⋐ V . By Lemma 2.2 there is a neighborhood U 0 ⋐ U, ǫ 1 ∈ (0, ǫ), and an integer k > 0 such that for any holomorphic map g : S → X, which has the same k − 1 jet at s as f , and d(f (z), g(z)) < ǫ 1 for z ∈ U it holds that g(U) ⊂ V and g(U 0 ) ∩ L = {p}.
Let f 0 = f . There exist an exhaustion function ρ : X → R and M 0 ∈ R such that ρ is (n − 1)-convex on {x ∈ X : ρ(x) > M 0 }, and
Let M −2 = max x∈D ρ(x). Choose an increasing sequence {M i } i≥−2 converging to ∞ such that
There is a decreasing sequence {ǫ i } i≥1 converging to 0 such that for i ≥ −2,
Choose a sequence of compact subsets {K i } i≥1 in S such that ∪ i K i = S. We shall inductively construct a sequence of continuous maps {f i : S → X} i≥0 , holomorphic on S, and a sequence of open sets
2 i+1 for z ∈ U i+1 , (v) the k − 1 jets of f i+1 and f i at s are equal.
Notice that by (3.1) the map f 0 meets conditions (i) and (iii) for i = 0. Choose U 1 , K ∪ U ⋐ U 1 , such that (ii) for i = 0 is satisfied. Let j ∈ N and assume that we have already constructed f 0 , . . . , f j−1 and U 0 , . . . , U j that satisfy properties (i), 5
(ii) and (iii) for i = 0, . . . j − 1, and properties (iv) and (v) for i = 0, . . . j − 2. We use Lemma 3.2 to obtain a continuous map f j : S → X, holomorphic on S, which satisfies properties (i) and (iii) for i = j, and properties (iv) and (v) for i = j − 1. Now we choose U j+1 , U j ∪ K j ⋐ U j+1 , such that f j satisfies (ii) for i = j. This finishes the inductive construction.
It follows by (iv) that the sequence {f n } converges uniformly on compact sets in S to a holomorphic map that will be denoted by g. For all j ≥ −2 and z ∈ U j+3 we get by (iv)
The property (i) for i = j + 2 and the property (iii) for i = j + 2 imply that ρ(f j+2 (z)) ∈ (M j+1 , M j+3 ) for z ∈ S \ U j+2 . Therefore by (3.2) and (3.3) for any j ≥ 0 we obtain that ρ(g(z)) > M j for z ∈ U j+3 \ U j+2 , which implies that the map g is proper and that g(z) / ∈ L for z ∈ S \ U 0 . Property (v) implies that the k − 1 jets of f and g at s are equal. By the choice of k, U 1 , ǫ 1 the estimate (3.3) implies that g(U 0 ) ∩ L = {p} and that d(g(z), f (z)) < ǫ for z ∈ K. This concludes the proof of the theorem.
Proper holomorphic curves in manifolds with the density property
A complex manifold X enjoys the density property if the Lie algebra generated by all C-complete holomorphic vector fields is dense in the Lie algebra of all holomorphic vector fields on X (see Varolin [21, 20] ). Similarly, one defines the volume density property of a complex manifold X endowed with a holomorphic volume form ω, by considering the Lie algebra of all holomorphic vector fields on X annihilating ω (see Kaliman and Kutzschebauch [15] ). Given a compact subset K in a Riemann surface S we say that a map f : K → X is holomorphic if it is holomorphic on some neighborhood of K.
Part (2) Andrist and Wold [3] proved that an open Riemann surface S immerses into Stein manifold X of dim X ≥ 2 with the (volume) density property properly holomorphically. In the case dim X ≥ 3 they were able to choose this immersion to be an embedding. In [2] the authors extended this result and proved that any Stein manifold S can be embedded into Stein manifold X with the (volume) density property properly holomorphically if dim X ≥ 2 dim S + 1.
Forstnerič and Ritter [12] proved that holomorphic maps from Stein manifolds S of dimension < n to the complement of a compact convex set L in C n satisfy the basic Oka property with approximation and interpolation. Furthermore, if 2 dim S ≤ n they proved that for any polynomially convex subset L of C n and for any holomorphic map f defined on a O(S)-convex compact set
The proof depends on Andersén-Lempert-Forstnerič-Rosay theorem on approximation of isotopies of injective holomorphic maps by holomorphic automorphisms which also holds on Stein manifolds with the (volume) density property. That enabled Forstnerič to extend the above results [10] . More precisely, in the proof of Theorem 4.1 we use [10, Remark 1.3] . The interpolation of a higher order jet can be easily built in the construction: 
, and an integer k > 0 such that for any holomorphic map g : S → X such that the k − 1 jets of f and g at s are equal, and
By Theorem 4.2 there exists a proper holomorphic immersion with simple double points g : S → X such that the k − 1 jets of f and g at s are equal, satisfying 7
This proves the theorem.
Example
The domain
has the following properties:
• D is a bounded pseudoconvex domain in C 2 with smooth boundary, • D has a Stein Runge neighborhood basis, • 0 ∈ bD is a weakly pseudoconvex point of finite 1-type, • D is not locally convexifiable at 0, • D has a global support hypersurface at 0.
The domain D is a modification of the Kohn-Nirenberg domain It is not difficult to check that the level set {ρ(z, w) = 0} = bD is smooth. To see that D is bounded write ρ(z, w) = It is easy to see that the Levi form is strictly positive definite on C 2 \ {0, 0}. Therefore D is pseudoconvex, D has a Stein Runge neighborhood basis, and 0 is a weakly pseudoconvex point.
To prove that D is not locally convexifiable at 0 we compute the defining equation for bD near 0:
and by [17, Proposition 3] the domain D is not convex in any holomorphic coordinates around 0. From this expression it also follows that 0 is a point of finite type 8. Since ρ(z, 0) > 0 for z = 0, C × {0} is a global supporting hypersurface for bD at 0.
